A two-dimensional hydrodynamical calculation method of self-gravitating rotating system is presented. The equation of fluid motion is treated in a Lagrangian form, while the Poisson equation of the gravitational potential is solved by the Finite-Element-Method. The results show that, in disagreement with the results of previous authors, there is no evidence of the ring formation along the equator, in case the fluid is initially rotating as a rigid body. The discrepancy is, presumably, due to the exact conservation of the angular momentum in the Lagrangian method and the inexact conservation in the Eulerian method. In this connection, it is demonstrated that a ring-like structure is actually formed under the circumstances where the angular momentum is transferred inwardly or a differential rotation of the fluid is assumed in the initial state.
§I. Introduction
In the collapse of a gas cloud towards a protostar, it is well known that the angular momentum plays an important role. However, most calculations of the protosteller evolution, so far carried out by many authors, have neglected the angular momentum of gas clouds, under the restriction of the spherical symmetry. In recent years, fully two-dimensional hydrodynamical calculations of the axisymmetric collapse of rotating gas clouds with assumed equatorial symmetry have been made by Larson,v Black and Bodenheimer,"> Nakazawa et al. 3 > and Tscharnuter. 4 > The numerical methods of their calculations are essentially Eulerian, though different kinds of coordinates, formalisms and numerical techniques have been adopted. Tscharnuter indicated that the final configuration of rotating gas clouds is an approximate rotating spheroid, though his calculation may be erroneous as pointed out by Nakazawa et al. 3 > The other authors showed that, at about one free fall time after the collapse of gas clouds started, rings are formed on the equatorial plane. Their results are qualitatively similar in spite of the three different boundary conditions: fixed, pressure constant and free. Nakazawa et al. s> showed that in a model of somewhat high initial temperature, a ring is not formed but a density inversion appears. In this model, however, a large fraction of the total mass of the cloud is expelled out as a consequence of the adopted free boundary. Under the fixed boundary condition, a ring is actually formed. 5 >
The main purposes of this paper are to present a new two-dimensional numerical calculation method of self-gravitating hydrodynamical system, and, with this method, to make the fundamental studies of the effect of rotation in the collapse of gas clouds. The equations of :fluid motion are treated in a two-dimensional Lagrangian form. One of the advantages of this form is that the exact conservation of the total and local angular momentum is automatically satisfied, whereas, in the calculation by Eulerian form, the transport of the angular momentum is inevitable under the situation of a wide variety of physical properties. Another advantage is that the structure and physical properties of the system can be better described by Lagrangian form than Eulerian one, for the cases in which the system contracts or expands and the boundary surface moves to a large extent. Although Lagrangian form has such advantages over Eulerian one, "zones" defined by the division of Lagrangian coordinates are inclined to become highly distorted because of the fixed-in-the-material nature. In particular, this form exposes its own defect in the presence of turbulence, i.e., initial zones are inclined to change into a spiraling threadlike structure. Under such situation, a Eulerian form shows its own effect and would be able to treat the turbulence easily, whereas, for Lagrangian form, it is necessary that the initial Lagrangian coordinates be rezoned by new four-sided zones at some stage of collapse. However, the rezoning technique has not been used in this study since such situation does not occur. As the distorted zones do not seem to allow easy calculations of the gravitational potential by usual difference schemes, Finite-Element-Method (hereafter F.E.M.), which can be applicable to irregularly as well as regularly divided zones, is adopted for this calculation.
The main results obtained by the present study are as follows: (1) Initial rigid-body rotations, as adopted in many cases by previous authors, do not lead to ring formations contrary to their results. It seems that the ring for~ation obtained by them under the above condition is caused by the artificial transfer of angular momentum, in spite of their assumption of local conservation of angular momentum. (2) A certain kind of redistribution of the angular momentum leads to a ring formation similar to the previous results. Nevertheless, the redistribution does not seem to have physical significances, unless there were unknown mechanisms of such a kind of redistribution. (3) Initial differential rotations, especially those having double-peak structures m the angular velocity, also produce rings. The structures of the rings are similar to the previous results.
In § 2 basic equations, numerical methods, and initial and boundary conditions are summarized. The method (F.E.M.) of the calculation of the gravitational potential is explained in the Appendix. In § 3 computational results are described and the comparison with the results obtained by Eulerian method is presented. In the final section, discussion is given. § 2. Basic equations, numerical method, and initial and boundary conditions
(a) Basic equations
It is assumed that a gas cloud obeys inviscid hydrodynamics, i.e., the time scale of collapse is negligibly small compared with that of friction. On the assumption of axial symmetry, the equations of the fluid motion are written in the cylindrical coordinates (R, Z, cf;) as follows:
( 2· 3) where (U, V), p, P and (fJ denote the velocity in the meridional plane, the density, the pressure and the gravitational potential, respectively, and l is the specific angular momentum, l=R 2 t2, where Q is the angular velocity. In the above equations, D/ Dt denotes the meridional Lagrangian differential operator,
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The specific angular momentum fixed to matter is conserved by Eq. (2 · 3). This property of the automatic satisfication of the angular momentum conservation is one of the advantages of Lagrangian form. The gravitational potential, ([J, is determined by the following Poisson equation with the boundary condition mentioned below,
where G is the gravitational constant. We assume that the cloud is composed of hydrogen molecules, and the pressure P is written in the form
where k, H and fJ. are Boltzmann constant, the mass of hydrogen atom and the mean molecular weight, respectively. We further assume that the temperature is uniform and constant during the collapse as assumed by Nakazawa et al. 3 J The isothermality of the gas cloud is based on the transparency of the cloud to radiation.
The gas cloud of mass 1 M 0 is optically thin when it has the density smaller The transformation of the differential equations of hydrodynamics to difference equations, essentially the same as that adopted by W. D. Shulz, 6 l is briefly described below. In Lagrangian form, Eulerian coordinates (R, Z) are put as
R=R(K,L,t), Z=Z(K,L,t),
-vvhere K, L are Lagrangian coordinates. In this study, the coordinates K, L are initially taken in the radial and angular directions on meridional plane, respectively, as illustrated in Fig. 1 . Let Rk =oRjfJK, Rl =oRjoL, etc., then area Jacobian j is defined as
Using the above equations, partial derivatives with R and Z, and Lagrangian time derivative are written as follows:
In this way, Eqs. (2 ·1) r v (2 · 3) are rewritten 111 Lagrangian form. If K and L are put to stand for discrete variables in order to obtain difference equations, standard difference techniques are applicable in the same manner as the spherical cases. The number of division into Lagrangian zones is 10 to 22 for K, and 8 to 15 for L. In addition, to describe shock discontinuities, a von Neumann and
Richtmyer' s type artificial viscosityn is included in the difference equations.
(c) Initial conditions
It is assumed that the mass of a gas cloud is 1 M 0 , the initial distribution of the mass is spherical and initial velocities U and V of the fluid vanish. We assume two cases of the initial distribution of density. One is uniform, and another is an isothermal polytropic configuration having the condition of "cutoff" at ; = 10 (;: nondimensional radius of the polytrope) . 8 ) For the initial distribution of the Table I . In Cases (A -1) and (A-2), the initial distribution of the angular velocity of gas cloud is taken as follows: suppose that a gas cloud with p =constant and Q =constant is forced to become an isothermal polytrope on the assumption of the conservation of the angular momentum, then the desired distribution is obtained. Namely the gas cloud is Table I . Initial conditions.
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The reasons why such distributions of density and angular velocity are assumed, are as follows: (i) the collapse of the gas cloud with the above density distribution will not be dependent so much on the boundary condition compared with the case that the initial density distribution is uniform. Moreover, in the spherical case with initial uniform density as shown by Larson, 9 l the density distribution becomes nearly isothermal polytropic in the outer region of the gas cloud as the collapse proceeds.
(ii) If the initial distribution of the density were uniform and the effect of angular momentum were negligible until the angular velocity distribution would be the differential rotation as taken in the above.
In most of the studies by the previous authors, the initial distributions of density and angular velocity were uniform. In Cases (A-3) and (A-4), the distributions are taken to be uniform in order to compare with their results. In Case (A-5), the initial conditions are taken to be the same as that of a Nakazawa's case 5 l to make a comparison. Subscripts C and B of Q in Table I denote the values of the center and the boundary of gas cloud, respectively. The free-fall time of gas cloud is denoted by t 11 and, in Cases (A -1) and (A -2), t 11 is . represented by tc-Jfo i.e., that of the center of gas cloud.
(2) results Case (il-1): The gas cloud nearly balances on the equatorial plane, initially. Accordingly, the cloud contracts predominantly in the Z-direction. In Fig. 2 central density. At this stage, the inner part of the gas cloud is approximately in equilibrium, and the angular velocity on the equatorial plane is nearly uniform.
Case (A-2):
The collapse proceeds rapidly in the central region of the gas cloud, and the central condensation becomes very high. At t = 1.91tc-!Jo p, is 6.7X10-12 g/cm\ very high compared with Case (A-1). Since an artificial viscosity dealing with shock discontinuities is not included in this case, the innermost Lagrangian points have been arranged irregularly, when a bounce has occurred in a central few shells into the Z-direction shortly after the above stage. However, whether an artificial viscosity is included or not, the distribution of Lagrangian points in all cases where the central condensation develops is found to ha,"e similar features as seen m Fig. 3 . artificial viscosity is included or not, and of the gas cloud is more or less.
The density configuration of Case (A-5) at 1.4tff is illustrated in Fig. 5 , and p, is about 1.0 X 10-14 g/cm 3 • The comparison of our results to Nakazawa's 5 ) with regard to the distribution of angular momentum is given in Fig. 6 . Dashed and solid curves correspond to those at the times of 1.0 t 11 and 1.4 t 11 , respectively.
Thin and bold curves show Nakazawa's results and ours, respectively. From Fig.  6 , it is found that, until about 1.0 t 1 !> both results fairly agree with regard to the distribution of angular momentum. However, at 1.4 t 1 h the distributions in the inner part of gas cloud are different from each other, especially on the equatorial plane. Nakazawa's result also showed that a ring-like structure has been formed at this stage. The comparison of the results implies that the following process acts in the computations by Eulerian methods. The angular momentum of the inner part on equatorial plane is transferred to the direction of the center after the bounce. Accordingly, the matter near the center stops to collapse as a consequence of accepted higher angular momentum, and the matter on equatorial plane, ·which has lost its own angular momentum to some extent, collapse rather rapidly. Consequently, a ring-like structure would be formed on equatorial plane. The cases of redistributions of angular momentum (1) and initial differential rotations (2) are described.
(1) redistribution
The initial conditions are taken to be the same as in Case (A-5). As shown m Fig. 7 , artificial transfers of angular momentum have been demonstrated. The artificial transfer means :that the angular momentum in a region of gas cloud is instantaneously redistributed at 1.08 t 1~o and the redistribution 1s done so that the total angular momentum of gas cloud conserves. In the cases shown in Fig. 7 , the angular momentum is redistributed as R.Q =constant in the inner region of the gas cloud. The clashed curves and the bold curves sho,,-the cases that the mass of the redistributed regwn IS 1/27 and 8/27 o£ the total mass, respectively. In the former case, a density inversion has appeared at 1.14 t 11 . However, at about 1.2 t 1~o the inversion has disappeared and the distribution of the density is similar to the case o£ no transfer of angular momentum (see thin curves in Fig. 7 ). In the latter case, a density im·ersion has also appeared at 1.14 t 11 and the inversion grows with the increase of the radius of the maximum density. At about 1.2t 11 , a ring has formed and it begins to gather the surrounding matter. Such circumstances correspond to the results of Nakazawa et al. and Black and Bodenheimer. Further, it is found that the location of the ring moves outwards in Lagrangian coordinates with time, i.e., the ring propagates in the matter of the gas cloud. The angular velocity of this case is gi1·en in on equatorial plane. The distribution of the angular momentum of this case at t = 1.25 tff is also illustrated in Fig. 8 (b) . The location of log l = 20 on equatorial plane fairly corresponds to that of Nakazawa's results, though the stages of collapse are different each other (see Fig. 6 ). Other artificial transfer of angular momentum, ~where angular momentum is redistributed as .Q =constant in the inner region, is also demonstrated. Since the matter in the central region loses its own initial angular momentum as a consequence of such a redistribution, the central condensation develops more rapidly. As the result, no density inversion is formed.
(2) initial differential rotation
The initial distribution of the angular velocity is taken to have double-peaks structure as seen in Fig. 9 and the temperature is taken to be 4 K. The other initial conditions are the same as m c:: Case (A-5). At t=l.ltm a ring having density a very steep peak in the distribution on equatorial plane is formed, and the angular velocity also has a peak in the vicinity of the ring. The angular momentum has a local minimum outside the ring. This feature, presumably, resembles to Black and Bodenheimer's results in the cases that rigid body rotations are assumed initially. The adverse distribution of angular momentum \vould not be produced without the transfer of angular momentum, provided that the gas cloud IS initially rotating as a rigid body.
Moreover, computations show that, in the case that the initial temperature is higher than the above case and the initial double-peak structure of the angular velocity is somewhat obscure, a ringlike structure is not formed, though a slight density inversion has appeared in the early stage of collapse. The density inversion, however, has disappeared into the marked density contrast from the center to the surface of the entire gas cloud. § 4. Discussion
From the computational results presented in § 3, the following general properties of a rotating self-gravitating gas cloud are found.
(1) Contrary to the previous author's results, a gas cloud, with the initial condition that the density and the angular velocity are uniform, contracts like a rotating spheroid to have a disk-like structure in the inner region. Furthermore, a gas cloud with the initial density of isothermal polytrope has similar features to the above case through the collapse. In these cases, rings and even density mverswns are never formed.
(2) Hov,-ever, rings are actually formed for the cases that, at some stage of collapse, the angular momentum of a gas cloud is redistributed so that the matter in the central region tends to gain a larger amount of angular momentum than initial, and also for the case that a gas cloud with the comparatively low temperature is initially differentially rotating so that the angular velocity has a sharp double-peak structure.
Black and Bodenheimer 21 conclude that ring formation Is not a manifestation of a kind of global instability, 101~121 but it is attributed to the result of a local gravitational instability in a portion of the cloud. The local instability actually occurs for the ring formation in Cases B.
Though the ring formation occurs for the case of the redistribution of angular momentum, it would be impossible that the angular momentum is transferred inward to the central region of gas cloud, vvhere the fluid has already been rotating rapidly compared with the outer region as a consequence of collapse. Any possible mechanism of transport of angular momentum would act as to make the angular velocity uniform, i.e., the mechanism such as friction would cause the gas cloud to rotate as a rigid body. By some mechanism of the transport the angular momentum is transferred outward from the central region. U ncler such a situation, a high central condensation would be attained as a consequence of the loss of the angular momentum in the central region, and no density inversion would occur. Further, the transfer of angular momentum due to the mixing of matter does not occur in the present calculation. Accordingly, it is concluded that, under likely situations in reality, a ring formation is impossible for a gas cloud with initial condition that the cloud is rotating as a rigid body and the side of the equations, the system of linear equations can be solved numerically.
To solve the linear equations, a modified alternating-direction iterative implicit method (A.D.I.) has been used in this study. The tests of the method described in the above show that the values of the gravitational potential and acceleration correspond to the true values within a few percents for rather coarse divisions. It seems that the F.E.M. is indispensable in the two-dimensional calculation of self-gravitating hydrodynamical system by Lagrangian method, and it is also effective in the calculation by Eulerian method.
